Abstract. We prove global pointwise estimates for the Green function of a parabolic operator with potential in the parabolic Kato class on a C 1,1 cylindrical domain Ω. We apply these estimates to obtain a new and shorter proof of the Harnack inequality [16] , and to study the boundary behavior of nonnegative solutions.
Introduction. The problem of bounding Green functions and its applications to study elliptic and parabolic equations have received much attention by several authors in different situations. In the elliptic setting, it was shown by Hueber [8] for all x, y ∈ D, where ϕ(x, y) = min 1,
d(x)d(y)
|x−y| 2 
, d(x) = d(x, ∂Ω).
For the Green function G ∆ of the Laplace operator, these estimates are due to Widman [13] , Grüter and Widman [7] , and Zhao [19] . As a simple consequence, G L and G ∆ are comparable in the following sense: k −1 G ∆ ≤ G L ≤ kG ∆ for some constant k > 0. This comparison result first proved by Hueber and Sieveking [9] enabled them to prove the equivalence of the L-harmonic measure and the ∆-harmonic measure on the boundary of D. These comparisons are very important in the sense that they allow the transfer to L of potential-theoretic results valid for ∆. In [19] , Zhao studied These results were later extended by Cranston, Fabes and Zhao [3] to the general Schrödinger operator L = A + q where A = −div(A(x)∇ x ) and q ∈ K loc n , n ≥ 3, and so L and A have the same potential theory. In the parabolic setting, it is well known that the fundamental solution satisfies the Gaussian estimates in different situations (see Aronson [1, 2] , Fabes and Stroock [6] , and Zhang [14] [15] [16] [17] ). In particular, Zhang proved these estimates for parabolic operators with lower order terms in some parabolic Kato classes. The parabolic Kato class is a natural generalization of the elliptic Kato class, and it is considered to be the biggest possible space so that the Gaussian bounds for the fundamental solution hold. The Gaussian estimates are used to study nonnegative solutions of the corresponding parabolic equations. In the half-space the analogous estimates were proved in [11] , and used to study parabolic potentials. In [10] , Hui studied the heat equation and proved that the Green function of a smooth cylindrical domain satisfies an upper Gaussian estimate involving the distance to the boundary. More importantly, lower and upper estimates were proved in [12] for the Green function of the operator L = ∂/∂t − div(A(x, t)∇ x ) + B(x, t)∇ x with B in the parabolic Kato class K n+1 on a C 1,1 cylindrical domain; they were then used to establish the comparability results for Green functions and harmonic measures extending their elliptic counterparts initially proved by Cranston and Zhao [4] for
In contrast to the elliptic case, nothing is proved about the boundary behavior of the Green function for parabolic operators with singular potentials, and the existence of such estimates in this case remains unknown.
The main goal of the present paper is to investigate this problem for the parabolic operator
bounded domain in R n , n ≥ 1, and 0 < T < ∞. The matrix A is assumed to be real, symmetric, uniformly elliptic, i.e. (1/µ)I ≤ A(x, t) ≤ µI for some µ ≥ 1, with µ-Lipschitz coefficients, and V in the parabolic Kato class K n as introduced by Zhang [16, 17] , i.e.
ESTIMATES OF GREEN FUNCTIONS
for all α > 0. The existence and uniqueness of the L-Green function G on Ω were shown in [16, 17] . Before describing the main body of our paper we recall the following estimates of the Green function
Theorem I ( [12] ). There exist constants k, c, c > 0, depending only on n, µ, D and T , such that
for all (x, t), (y, s) ∈ Ω with s < t, where
∂D) denotes the distance from x to the boundary of D.
In Section 1, we prove that the L-Green function G satisfies the estimates of Theorem I with constants depending on V only in terms of the rate of convergence of N α h (V ) to zero as h → 0. Our idea is based on the resolvent equation G = G 0 − G * (V G 0 ) and Theorem I. The control of the term G * (V G 0 ) constitutes a real difficulty in the proof. Apart from being interesting in themselves, these estimates reveal the behavior of the Green function of the perturbed operator L especially near the boundary. Moreover, they simplify proofs of certain known results which were initially obtained by means of involved analytical calculations or considerations based on boundary Harnack principles (see [16, 17] , and [12] for a bibliography).
In Section 2, we give some applications of the Green function estimates. We first present an alternative and shorter proof of the Harnack inequality recently established by Zhang [16] , using the idea of Fabes and Stroock [6] . Our method is new and can be applied to other operators. We next prove L. RIAHI a boundary Harnack principle and a comparison theorem for nonnegative L-solutions vanishing on a part of the lateral boundary. These results, first proved for elliptic and less general parabolic operators, are the main regularity properties of nonnegative solutions which are used to study the potential theory of the corresponding operators; for instance, to study the Martin boundary, to prove the so called doubling property of harmonic measures, etc. (we refer the reader to [5] , [3] and the references given there). Another important application of the Green function estimates concerns the equivalence of the L-parabolic measure, L * -parabolic measure and surface measure on the lateral boundary of Ω, which is stated at the end of the paper. The proof of this result follows the idea developed in [12] ; therefore it is omitted.
We need to recall some known results. For an open subset Ω of R n+1 , we denote by ∂ p Ω the parabolic boundary of Ω, i.e. ∂ p Ω is the set of points on the boundary of Ω which can be connected to some interior point of Ω by a closed curve having a strictly increasing t-coordinate. We have
The L-Green function G of Ω has the reproducing property:
for all x, y ∈ D and s < τ < t ( [16] ).
Estimates for the L-Green function.
In this section we prove the following main result. 
Proof. We can assume that V ∈ L ∞ ; the general case is covered by a limiting argument in Lemma 6.3 of [16] .
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We first prove the upper bound. By the minimum principle, we have
In view of Theorem I and the previous inequality, let k 0 be the least positive number such that
for all x, y ∈ D and 0 < t ≤ h for some fixed h. Our aim is to prove that k 0 depends on V only in terms of the quantity N α h (V ). From [16] we know the integral equation
for all x, y ∈ D and 0 < t ≤ T . From (1), (2) and Theorem I, it follows that
For simplicity we write
We will estimate J. For ∈ ]0, 1[ to be chosen later, we have
We first estimate J 1 . To this end let us recall the inequality
Then we have
On the other hand,
It follows that
h (V ) for 0 < t ≤ h, and
ESTIMATES OF GREEN FUNCTIONS
273
for 0 < t ≤ h. Combining (5)- (8), we obtain
We next estimate J 2 . We have
Now we estimate J 22 . We have
Combining (12) and (13) yields
From (10), (11) and (14), we have
Note that (15) is similar to the inequality (5) for J 1 . Then by the same method used to prove (9), we obtain
for all x, y ∈ D and 0 < t ≤ h. Combining (9), (16) and the fact that
for all x, y ∈ D and 0 < t ≤ h. Substituting (17) to (3) gives
Choosing h sufficiently small so that kk N c/8 h (V ) < 1/2, we have k 0 ≤ 2k. This completes the proof of the upper bound.
We next prove the lower bound. From (3) and (17), we have
for all x, y ∈ D and 0 < t ≤ h. Hence, by Theorem I, we deduce that
for all x, y ∈ D and 0 < t ≤ h. Then, for h so small that 2k
for all x, y ∈ D and 0 < t ≤ h with |x − y| 2 /t ≤ 1. An inequality like (18) together with the reproducing property of the Green function, and a geometric property of C 1, 1 domains, imply the required lower estimate. For all details we refer the reader to [12] .
By Theorem 1.1 and a simple argument given in [12] , we prove the following comparison result for Green functions. 
for all x, y ∈ R n and t > 0. Suppose there is a global lower bound. Then
for all t > 0 and x, y ∈ B(0, 1). If we choose x = y, then we get 
From the comparison theorem (Theorem 1.6 in [5] ), it follows that there exist two positive constants k 1 and k 2 such that, for t ∈ ]0, T [ fixed,
This shows that
Suppose that the estimates of Theorem 1.1 are true. Then
The previous two-sided inequalities now imply that u 1 /u 2 is bounded near zero, which is not true.
Applications.
In this section we give some applications of the Green function bounds established in Section 1. A new and shorter proof of the Harnack inequality [16] is given. A boundary Harnack principle and a comparison theorem for nonnegative L-solutions which continuously vanish on a part of the lateral boundary are proved.
The Harnack inequality.
By means of the Green function estimates and a potential-theoretic argument we present an alternative and shorter proof of the Harnack inequality [16] for nonnegative L-solutions. Our idea is new and can be applied to other similar operators. 
Therefore, from (19) it follows that (20) sup
